ABSTRACT. In [I] R. De Sapio gave a classification of smooth structures of a p-sphere bundle over a q-sphere with one cross-section and p < q. In [2] J. Munkres also gave a classification up to concordance of differential structures in the case where the bundle has at least two cross-sections. In [3] R. Schultz gave a classification in the case p > q. Here we will give a classification of the p-sphere bundle over a q-sphere without any cross-section and p < q.
I. INTRODUCTION
Let E represent p-sphere bundle over a q-sphere with B Nq_ISO(p+I) the characteristic class of the corresponding p+1-disc bundle over the q-sphere. In [4] R.
De Sapio gave a complete classification of the special case where B O. In [5] and [6] Kawakubo and Schultz respectively also gave a classification of E for this special case. This author in [7] gave a generalization of this special case to product of three ordinary spheres. In [1] a classification of E was given for p < q I and where E has a cross-section and B O. In [3] Schultz gave a classification of E for p q and E is without cross-section. We shall here remove the fact that E has a cross-section so that not every element of Xq_iSO(p+l) can be pulled back to the element q_lSO(p) in the homomorphism S, Xq_ISO(p) q_iSO(p+l) induced by the inclusion s SO(p) SO(p+1).
S n denotes the unit n-sphere with the usual differential structure in the Euclidean (n+l)-space R n+l Z n denotes an homotopy n-sphere and o n denotes the group of homotopy n-spheres. H(p,k) denotes the subset of o p which consists of those homotopy p-sphere such that z p S k is diffeomorphic to S p S k. By [4, Lenna 4] , H(p,k) is a subgroup of 0 p and it is not always zero and in fact in [7] we showed that if k -'_-p-3H(p,k) o p.
We shall adopt the notation E(.q) to represent the total space of a p-sphere bundle over a homotopy q-sphere 7. q. We will then prove the following:
THEOREM. If M is a smooth, n-manifold homeomorphic to a p-sphere bundle over a q-sphere with total space E where n p+q _> 
CLASSIFICATION THEOREM
In this section, we will prove the classification theorem for any manifold M n homeomorphic to E. We will apply the obstruction theory to smoothing of manifolds developed by Munkres in [8] . Since p+q 6 and 2 < p < q then E is simply-connected and the homology of E has no 2-torsion, hence the "Hauptvermutung" of D. Sullivan [9] applies and this means that piecewise linear homeomorphism can be replaced by homeomorphism, we shall not distinguish the two.
DEFINITION. Let M and N be smooth closed n-manifolds and L a closed subset of M of dimension less than n. Let f M N be a homeomorphism such that for each simplex y of L, y and f() are contained in coordinate systems under which they are flat. f is said to be a diffeomorphism modulo L if fI(M-L) is a diffeomorphism and each simplex y of L has a neighborhood V such that f is smooth on V-L near y. By [8 -,(h).
It follows that the obstructions to smoothing the composition g h M E' is 
Hi(M,Z)= 0 for 0 < < p then we can assume that g is a diffeomorphism modulo one point. Since g is a diffeomorphism modulo one point then it is known that there is an homotopy n-sphere Z n such that M is diffeomorphic to E(}: q) # .n Hence the proof 3.
INERTIAL GROUPS
Since by Theorem 2.1, every manifold homeomorphic to E is diffeomorphic to E(Zq) # z n for some homotopy spheres z q, z n, classification of such manifolds reduces to classification of manifolds of the form E(sq) # sn. To complete this classification, we need to determine the inertial group of E(l;q).
The inertial group ,(M) of an oriented closed smooth n-dimensional manifold M is defined to be the subgroup of o n consisting of those homotopy n-spheres l; n such that M # diffeomorphic to M. Let E 6 represent the total space of a p-sphere bundle over a real q-sphere with characteristic class 6 q_iSO(p+l). In [13] we defined a map G 6 pSO(q) o p+n and showed that the image of this map equals the inertial group of E [15] that I(E(r.q)) I(EB). This means that the inertial group of S B in [13] coincides with Lemma 3.2.
Combination of Lemmas 3.1 and 3.2 give the following. THEOREM 3.3 . Let E be the total space of a p-sphere bundle over a q-sphere with characteristic map B IIq_ISO(p+l) then the dlffeomorphism classes of p+q-manifolds that are homeomorphic to E are in one-to-one correspondence with the group eq e n where p+q n _> 6 and p q.
